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The existence, bifurcation and stability of the steady motions of a rigid body in a central gravitational field are studied. The body 
is modelled as a collection of point masses situated at the ends of three mutually perpendicular diameters of a massless sphere. 
With this model, one cun use the exact expression for the gravitational potential (see also [1-5]). The study considers non-trivial 
steady motions of a body with a triaxial ellipsoid of inertia such that either two or all three principalaxes of inertia are not axes 
of the orbital coordina~Ie system. In addition, a restricted formulation of the problem of the relative equilibria of a body whose 
mass centre is moving in a eixcular Keplerian orbit is considered, and the stability and bifurcation of these equilibria are investigated. 
Copyright @ 1996 Elsevier Science Ltd. 

Previous publications [1, 2, 5] have investigated trivial steady motions corresponding to orientation of 
the body such that the principal central axes of inertia coincide with the axes of the orbital system of 
coordinates. Attention was devoted to the special case of a body with a spherical ellipsoid of inertia 
[3], and the special case of two-dimensional motions of the body [4]. 

1. We will consider the problem of the translational-rotational motion of a rigid body with a triaxial 
ellipsoid of inertia in a central gravitational field. We will model the body as a collection of point masses 
ms/2 situated at the opposite ends of three mutually perpendicular diameters d. (s = 1, 2, 3) of a massless 
sphere of radius a. Without loss of generality, we assume that ml > m2 > m3. 

Let O~rl~ be a fixed system of coordinates with origin at the attracting centre, and let CXlXzX3 be a 
system of coordin~ttes attached to the body with origin at its mass centre and axes along the diameters 
dl, d2, d3. The position of the mass centre of the body relative to the fixed system of coordinates will 
be defined by spherical coordinates r, 0, ~, where r > a is the length of the radius vector OC, 0 is the 
angle between the vector OC and the plane O~g and is the angle between the axis O~ and the projection 
of the vector OC onto the plane O ~ .  The orientation of the orbit of the body's mass centre and the 
orientation of the body will be defined by the projections [~s and ~/s of the unit vectors 13 and ~/in the 
direction of the O11 axis and the radius vector OC, respectively, onto the principal central inertia axes 
Cxs (s = 1, 2, 3) of the body. Obviously, sin 0 = (1~, ~/) = E~l~. 

The kinetic energy T and the potential energy V of the body are 

2T = [m(i "2 + r2~ 2 cos 2 0 + r202 ) + Jico~ + J2o~ + J3¢0~ ] 

3 
2V = - f M  Y~m.,.[F,.(a) + F.,.(-a)], ~ ( a )  = (r 2 + a  2 + 2arT,.)-~ 

- S = l  

where m = rnl + m2 + m3 is the mass of the body, Ji - (m~ + mk)a 2 is the moment of inertia of the 
body about the axis Cxi (i # j # k; i,j, k e $3, $3 = {1, 2, .,j), is the projection of the absolute angular 
velocity co of the body onto the axis Cx~ (s = 1, 2, 3 ) , f i s  the gravitational constant, and m is the mass 
of the attracting cxmtre. 

The system admits of two first integrals: H = T + V = const (energy), and K = OT/O@= k = const 
(area). Setting ¢o = @13 + II,  where l l  is the angular velocity of the body relative to a system of 
coordinates rotating uniformly about the Oq axis, one finds the effective potential of the body (we recall 
that sin 0 = Zl~'/s, cf. [5]) 

121,  Wk=min .  H = V +  , J = m r -  ! -  ~ . ~  +~.Js~.~. 
*.V.O.nlK= k ~, ~ : ,  ' ' /  ) ~=l 
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By Routh's theorem, the critical points (ro, ~/0, 110) of the effective potential Wk(r, 11, ~1) on the manifold 
~/2 = 1, 112 = 1 are the steady motions of the body 

r=ro, "Y=~lo, [~=11o, fll=t°o 
(1.1) 

(0=00  =arcsin(~t0,11o), t % = k / J o ,  [ 1 = 0 )  

Under conditions (1.1), the mass centre of the body uniformly describes a circle of radius rocoS 00 in 
a plane parallel to the plane O ~  at a distance ro I sin 00 1 from it; the orientation of the body remains 
constant during the motion. 

To determine the critical points of Wk on the manifold { 112 = 1, ~,2 = 1 }, we consider the function 

W = q M ) - t W k  + p(,y2_ I)/2 + q(112 _ I)/2 

(p and q are undetermined Lagrange multipliers) and write down the conditions for this function to 
be stationary (×z = k2/(?3,/)) 

= ' 2  ] E m , ( ( r + o t T ~ . ) E ( ~ ( a ) + ( r - a T , . ) F . , 3 ( - a ) )  - ×2mr(I- 3 2 
ar 2s=, . . . . .  J2 L .,.=7"1 ]"J}s = 0  

(1.2) 

aw ~t2mr 2 n 3 
= m~(F,?(a)-F,?(-a))ra+pV.,.+ ----:~'-[~.,. ]~Vo~ -.~- 0 

( ~ ¢ ~ ,  " ' 13=1 

(1.3) 

a w  x 2 (  2 ~ ~ -Jj~, .~ = 0  (1.4) = - i f [ m r  ~t. )-,TaPo +q[~,. (s = 1,2,3) 
a[~,. ~ ~ ~=t ) 

Solutions of system (1.2)-(1.4) of the form 

Ti=+I,  [$)=+!, ( i ¢ j ¢ k ) ,  %=yk=[~i=[~k=0 (i,j, k e  $3) (1.5) 

corresponding to trivial orientations of the body, have been investigated, and sufficient conditions have 
been established for the corresponding steady motions to be stable [5] 

Cl>0 ,  C2>0, C3>0, C4=C44C55-d5>0 

= mr dK# [ (3r2 +a2) 3mk r ] 
CI (mr2 + j j )  2 d r '  (72= mi (r2-a2)3 ( r2+a2 )~  ra2 

~2 (jj  _ jk ) 2 (j) _ Ji + mr2 ) ×2ntr2 
C3 = (mr2+ j j )2 '  C44  = (mr2 + J.i)2 ' C45 = (mr z + j))2 

~2mr2 ~ (3r 2 + a  2 ) 3mjr2a 2 
(755 = '(mr 2 + j j )2  +mira- (r 2 _a2)3 (r 2 +a2)~  

(mr 2 +j) )2  [ r 2 + a  2 (m i +mt)r] 
X 2 = Kij(r), K 0 = 111 i _a2)2 + mr (r E (r 2 +a2)  ~ J 

r,.°: K;(4)=0; 
>( : )2 ,  ( : )2  __ Kij(4)) 

In particular, it has been shown [4] that the degree of instability of the trivial steady motions may vary 
0 0 not only at the branch points r = rii(Cl(rij) = O, i, j ~ $3) of the solutions (1.5) as functions of r, but 

also at the points r = r~:(C2(r~) = O, i > k), r = ~j (C4(~) = 0, i >j) .  This means that system (1.2)-(1.4), 
besides the solutions (1.5), has solutions corresponding to non-trivial orientations. 
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2. According to bifurcation theory, the solutions of system (1.2)--(1.4) bifurcate at the points r~k = 
(i > k) and ~ (i > j)  as functions of 7i and 7k and as functions of "t/, "~, I~i, I~j, respectively [4]. Thus, 
system (1.2)--(1.4) has solutions corresponding to orientations of the form 

Yi = costo, Yk = sinto, ~ = [3 i = 13 k = 0, I~j = +1 (j # i > k ¢j)  (2.1) 

Yi = costo, ~ = -sinto, ~l i = sin(to + 0), I~i = cos(to + 0), Yk = 13~ = 0 (k ~ i > j  ~ k) (2.2) 

Under conditions (2.1), the plane of the orbit of the body's mass centre passes through the attracting 
centre (sin 0 = 0), the axis Cxi points along the normal to the plane of the orbit, and the axes Cxi 
and Cxk are rotated through the same angle 9. relative to the radius vector of the mass centre and 
the tangent to the orbit. The angle to = to/k(× 2) and radius of the orbit r = r/k(~ 2) are determined 
from the system 

ml:m[! = ¢pik(r, to) ' x2 _ (mr2 + Ji)2 
2mr Yiki(r'to) 

Fi "~ ( - a )  - Fi 3 (a) Y...&.e Wil4 = miGi + mkGk + mi 2r 
Oid~ = F/~(_a)_ F/~(a) Yi ' (r 2 + a  2 )~ (2.3) 

G s = F ) ( a ) ( r + w t . , . ) + ~ 3 ( - a ) ( r - a y . , . )  ( s = i , k ) ;  Yi =costo, y ,  =sinto 

which is obtained from (1.2)-(1.4) by substituting conditions (2.1) into the system. 
Proceeding as in [4], one can show that 

2 * to=rm-+toik(x2), (n=O,l) ,  r=r/k(x2), a<r/k(x )<~k 

2 * 
O<toik(x )< toik < h i 4  

where to*t is the unique root in the interval 0 < to < ~/2 of the equation mkm~ q = ~/k(a, to), and r~k is 
the unique root (for r > a) of the equation C2(r) = 0. 

U n d e r  conditions (2.2), the distance from the plane of the orbit of the body's mass centre to the 
attracting centre is r I sin 0 I ~ 0, the radius of the orbit is rcos 0, the axis CXk is directed along the 
tangent to the orbit, the axis Cx i makes an angle to with the radius vector of the mass centre, and the 
axis Cxj makes an angle to + 0 with the normal to the plane of the orbit. The angle 0 may be expressed 
explicitly in terms of to and the distance r from the mass centre to the attracting centre 

I va(r)sin2to ; 
0 = 00 = ~-arctg I - v/~ (r)cos 2~0 

9 m j  - -  nlj  a -  
Vq = , m r -'T (2.4) 

The angle to and distance r are determined by solving a system analogous to system (2.3), but the 
functions ¢iy and ~Pi~k are more complicated. 

Proceeding as be[ore, it can be shown that 

to=Itn±~o(x2), (n=O,l), r=Fq(×2), a<~j(x2)<F/; 

O<'~,:i(x2)<'~ij <toni <x14 
(2.5) 

where -* to O is the unique root in the range 0 < ¢ < ~ 2  of the equation m:n~ -1 = ¢/j(a, to), and r~. is the 
unique root (for r > a) of the equation C4(r) = 0. 

The relative position of the points r.~, ~ and r°(/) has a considerable effect on the degree of instability 
of the steady motions corresponding to orientations (1.5), (2.1) and (2.2), and depends on the relation- 
ships between the masses ml, m2 and m 3. Henceforth, for simplicity, we shall confine ourselves to the 
case of similar masses 

m 2 = m l ( I - u ) ,  m3=m2(1-v);  0 < u ' ~ l .  0 < u  .~1 (2.6) 
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Under  conditions (2.6), the ellipsoid of inertia is almost a sphere- - the  characteristic shape of many 
celestial bodies in nature.  

Under  these conditions one has rOtk~ ~ ?'~(r*~) and, in addition, one can then show that  the steady 
. . . .  " "  • 2 2 2 , 2 -2 motions corresponding to orientations (2.1) and (2.2) exist when × e ((X/k).; (x/k) and × ~ ((×q).;  

(×]2).), respectively, where (×2)* and (g2) .  are defined by the second equation of system (2.3) with 
- 2  , r = a, ~0 = (p.~ or r = r.~, 9 = 0. The definitions of (~i2). and (×ij) are analogous. 

3. To investigate the stability of the steady motions corresponding to orientations (2.1), we calculate 
the second variation of  W over the linear manifold ~ij  = 0, 6"t~cos (p + ~ksin  (p = 0 

82W = Y-I + Y-a 

2Ei = Ci i (~ir) 2 + 2CI2 (~ir)(~Ytk) + C22 (~Yk)2 

2Y'2 = C33 (~YYi)2 + 2C34 (~,j)(~[~i ) + 2C35 (~/j)(8[~, ) + 

+C44 (815 i )2 + 2 C45 (81~i)(~i15~) + C55 (~51~k)2 

mr a 1 (mr 2 + jj)2 ~Piti(r,(p)l J 
C~ = (mr 2 + j j)2 Or 2 mr 

3 ra [6(31trO(5) a..~, ' x(5) ~ ~(3)¢..,~(5)+ayi~15)) ] 

F~O)R(3) .a. ~(5)~(3),~ 1 I ra / o i "  ,.,~: (s) (3) =-7m, + 3raa£ ~i  Y i - " i  " ,  . ,  J 

2 m )  ( r  2 - 2 a  2 ) ~ 
I mk(~(k3) ae C33 = ~ ' r  2 mi(yl3)-I  - (r 2 +a2 )  ~ 

2 o 
C44=~22[mr2cos2tp+(Ji-Ji)], C55=~2[mr2sin2(p.+(d)-Jk)] 

2' 2 2 
C34 =+.~mr2 cos(p, C35 =+-j--w-mr2 silltp, C 4 5 = _ T m r 2 c o s ~ s i n t p  

~!,n) n n (~(n) =F~ ( a ) - ~ l  (-a),  s =~n(a)+F.,~'(-a), (s=1,2 ,3;  n = 3 , 5 )  

where 7/= cos 9, Yk = sin 9 and r and ~0 satisfy the first relations of  system (2.3) and depend o n  x 2 (see 
the second eqtlation of that  system); i,j, k ~ $3, i > k. 

Since C22 < 0, all steady motions corresponding to orientations (2.1) are unstable in the secular sense. 
The degree of instability of these motions when r < r~, close to r~ is identical with the degree of instability 
of  the corresponding trivial steady motions when r > r [  (i > k), and does not  vary along the entire 
branch (2'3) (a < r/k(× 2) < r~) if the determinant  A of  the quadratic form ~52W = El + Z2 does not 
change sign for all r ~ (a; r~), q~ e (0; 9[) .  Since A = AIA2, where A1,2 is the determinant  of the quadratic 
form Z1,2, and moreover  A1 ~ 0 for all steady motions corresponding to orientations (2.1), it follows 
that  A vanishes if and only if A2 vanishes. The determinant  A2 does not  vanish for orientations (2.1) 
w h e n / =  2 , j  = 3, k = 1; it vanishes when i = 3 , j  = 1, k = 2, and mayvanish  when i = 3 , j  = 2, k = 1 

**" ** ** rJk, 0 < (Pak < 9Jk (k = 1, 2). For k = 1, i = 2 , j  = 3, this point at some point (r3k, 93g ), a < r3k < ** 
exists for arbitrary values of  the masses m 1 > m E > m3, but for k = 2 , j  = 3 , j  = I it exists only when 
2m 2 > m 1 -b m 3 (i.e. only when v > u; see (2.6)). Under  those conditions the degree of  instability of  
the steady motions for orientations (2.1) (k = 1, 2) is one less f o r a  < r < r ~ t h a n  for rJk*< r < r~k. 

To investigate the stability of the steady motions corresponding to orientations (2.2), one must evaluate 
the second variation of  W over the linear manifold 

5y, cosq~ - ~i~sinq~ = 0, 5[~cos(0 + tp) + 5[~isin(0 + tp) = 0 

~2W = ~'~'1 + ~'2 

22;1 = Cl l(Sr) 2 + 2Ci2(&')(53(i) + 2CI3(5r)(81~i) + C22QiY~) + 2C23(5Y))(81~i) + C33(51~/) 2 

2Y--,2 = C~(SYk) 2 + 2C4s(~iYk)(5[$k) + C55(/5[$t) 2 
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(the coefficients C~q are very cumbersome in form and are therefore not given here). 
As before, it can be shown that all steady motions corresponding to orientations (2.2) are unstable 

in the secular sense, since A1 < 0. When i = 2,j  = 1, k = 3, the degree of instability of these motions 
does not vary (A1 ~ 0, A2 ~ 0) along the entire branch (2.5) and is identical with the degree of instability 
of the trivial steady motions for r > r~l. When i = 3,j  = 2, k = 1 the degree of instability varies, while 
when i = 3,j  = 2, k = 1 it may vary at some point (7~j ~, t~j*), a < 7~j* < 7~, 0 < ~y* < ~ j  (A2(F~y*; t~j*) 
= 0,j  = 1, 2. W h e n j  = 2 this point exists for arbitrary masses ml > m2 > m3, but whenj  = 1 it exists 
only when 2m2 > ml + m3, i.e. when v > u (as in the previous case A1 ~ 0 for all orientations (2.2)). 
Under these conditions the degree of instability of the steady motions for orientations (2.2) (j = 1, 2) 
when F~j* < r <f~  is identical with the degree of instability of the corresponding trivial steady motions 
when r > f~j, while when a < r < f~j* (j = 1, 2) it is one less than the latter~ 

At the points (r~:*; 9 ~ )  and (F~; ~ )  there will always be steady motions bifurcating from the motions 
corresponding to orientations (2.1) (i = 3,j = 1, k = 2) and (2.2) (i = 3,j = 2, k = 1); these are motions 
corresponding to orientations of the general form 

.~, = ~/o. 13 = I ~° ((~,o. i~o). O, ~ ~: O. [3') # O, I ~° ~ O. Vs = I, 2, 3) (3.1) 

If in addition th,~ condition 2m2 > ml -t- m 3 is satisfied, the analogous assertion is true when ( / =  3, 
j = 2, k = 1), (i = 3 , j  = 1, k = 2) also, for orientations (2.1) and (2.2), respectively. It can be shown 
that these steady raotions exist only when a < r < F~ff, a < r < F ~  and only when ×2 < (×]k)**, ×2 < 
(×]j)**, respectively, where 

"2 **=r(mr2wJi)2 1 
(~3k) L" 2m-"r'r W3/q (r'tP) (k,j = i,2;k ~: j )  

~,-:~',~:~;~ 

=[ (mr2+Jj)2- ] 
(x~i)** L 2mr W3Jt (r'q)) . . . . . .  

Jr=~j ,9=~3j 

Steady motions of general form are determined from system (1.2)-(1.4). They are characterized by 
the fact that the phme of the orbit of the body's mass centre does not pass through the attracting centre 
(as in case (2.2)), and moreover none of the principal central axes of inertia of the body coincides with 
any of the axes of llhe orbital system of coordinates (unlike cases (1.5), (2.1) and (2.2)). 

4. Equations (1.2)-(1.4) define a single-parameter family of steady motions of the body (the 
curve L = {r = (×2), y = ,t(×2), 13 = [~(×2)} in the space (r, 7, 13, ×2)). Sections of this space by the hyper- 
planes (1.5) are shown in Figs 1--6. The solid curves correspond to those branches of L lying in the 
hyperplanes and corresponding to trivial steady motions. The dashed and dash--dot curves correspond 
to the projections of those branches of L that leave the hyperplanes and correspond to steady motions 
(2.1) and (2.2). The dotted curves correspond to the projections of those branches of L that always 
leave the aforementioned non-trivial branches and correspond to orientations (3.1). Figure 5 corresponds 
to the case when 3v > u > v (see (2.6)); when 3v < u one must interchange the dotted and dash- 
dot curves in Fig. 5. When v > u one must add to Figs 4 and 5 curves leaving the non-trivial branches 
and corresponding to additional steady motions of type (3.1). The digits 0, 1, 2 and 3 indicate the degree 
of instability of the steady motions of the body corresponding to the relevant orientations (1.5), (2.1), 
(2.2) or (3.1). The degree of instability of the latter is indicated in accordance with the general 
considerations of bifurcation theory. 

5. We will now consider a restricted formulation of the problem, assuming that, independently 
of the rotational motions of the body, its mass centre moves uniformly along a circular orbit of radius 
r0 >> a (r0 = const) situated in the O ~  plane. Then 0 = 0, and, generally speaking, the system admits 
of only a generalized energy integral ~ ~ too = (fMm/~) = const, where T O - T~0 + V = const are 
second-degree and zero-degree forms in the velocities, the constituents of T O = T O + T O +' T o (T o = 
TIr0 = r, a = 0, V = ~0)" AS in Section 1, setting to --- ¢o01~ + l'l, we can write the changed potential of the 
body as 
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= v - J 4 / 2  
3 l 2 2 "~ 14/o = _ f M  E m.,. (F.,.(a)+ F~.(-a)) - -~ tOo(J,~ I + J2~;_ + J3~ 2 ) 

2 .,.=1 

To the critical points (To, 1~0) of  the varied potent ia l  W ° on the manifold {,/2 = 1; 152 = 1; (~,. 15) = 
0} there  correspovLd relative equilibria of  the body in its circular orbit. To search for  these points, we 
define a function 

W° = ( f M )  -IW° + ~,(T" 15)+ ~(V 2 - I )  / 2 + v(152 - 1 ) / 2  

( ~  o and v are unde te rmined  Lagrange multipliers) and write down the conditions for  it to be stationary 
(assuming, without  loss of  generality, that  f M  = 1, m = 1, r0 = 1; then o~0 = 1 and a ~ 1) 

~ W  ° I ~1.~ = (am., .)(~3(a) - F )  ( - a ) )  / 2 + L~ s + aT.,. = 0 (5.1) 

~W°l~., .=f~,.(v-J, .)+~,T., .  = 0  (s = 1,2,3) 

System (5.1) admits of  solutions 

'~i = "4-1; ~ j  - ~ l ,  "~j='~k----~i=~k----O ( i ~ j ~ k )  (5.2) 

which correspond to trivial relative equilibria o f  the body (in which case k = 0) analogous to the steady 
mot ions  (1.5). 

To investigate the stability of  these relative equilibria, we will calculate the second variation of  14'° 
over  the linear manifold 

We have 

2~i2W = c o ( $ T j  )2 + cO(sTk )2 + cO (~i[3k)2 

C ° = a 2 ( m i - m j + b m  i - c m j ) ,  C ° = a 2 ( m i  b - m k c  ) 

( 3 + a  2) 3 
C ° = a 2 ( m k - m j ) ;  b = ~ ,  c =  ( l + a 2 )  5/2 

Obviously, the camditions for stability o f  the relative equilibria (5.2) are C o > 0, C ° > 0, C o > 0. 
If  mi > mj, then C o > 0; but  if mi < mj, then  C o > 0 (C o < 0) for  ~t2 ~ mj/mi < I.tq (B2 > ttji). If 

mi > ink, then C o > 0; but  if mi < ink, then  C o > 0 (C o < 0) for  ttl mk/mi < l&/ (B1 > ~tk/). 
Finally, C o > 0 (C~' < 0) for  mk > mj (mk < mj). We have used the following notat ion 

( 4 - 2 a 2 + 3 a 4 + a 6 )  + 3 5 a 2 + o ( a 2  ) 
P-ji - P'ji(a) = (c+ 1)(I - a2) 3 = I 8 

I'tta =- Bki(a) = b = 1 + 35 a2 + o(a2 ) 
c 6 

Thus,  the relatiw, ~ equilibria (5.2) are 
(a) always unstable if i = 1, j = 2, k = 3 (m i > mj > mk; ~1 < ~2 < 1) ( the degree  of  instability 

X = 1); 
(b) always stable i f / =  1, j  = 3, k = 2 (mi > mk > mj; B2 < B~ < 1) (then)~ = 0); 
(c) when i = 2 , j  =." 1, k = 3 (mj > mi > mk; Is2 > 1 > B1), they are unstable 0~ = 1) if P2 < Bj/, and 

unstable in the secular sense 0~ = 2) if tt2 > Bj; 
(d) when i = 2, j = 3, k = 1 (mk > mi > mj; ~A 1 > 1 > B2), they are stable (X = 0) if Pl < 1~/and 

unstable (X = 1) if ~tl < Bk/; 
(e) when i = 3 , j  = 1, k = 2 (mj > mk > mi; B2 > Ix1 > 1), they are unstable if P2 < I~ji (~ = 1) or  ~t 1 

> Bk/(Z = 3), and unstable in the secular sense (Z = 2) if ~tl < ~tk/and B2 > Bji; 
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(0 when i = 3, j  = 2, k = 1 (mk > mj > mi', ~t 1 > ~2 > 1), they are stable (X = 0) i f~l  < l.tki and ~t 2 < 
I.tji, unstable (~ = 1) if I.tl > ~tk/and ~t2 < I.tji, or ~tl < I~  and Ix2 > ~tji, and unstable in the secular 
sense (~ = 2) if Ixa > lXk/and Ix2 > Ixji. 

Figure 7 shows the plane of the parameters Ix1 and l.t2 divided by solid lines into six domains 
corresponding to cases (a)-(f), respectively, with digits 0-3 indicating the degree of instability of the 
corresponding relative equilibria (5.2). The dashed lines indicate the bifurcation lines Ix1 = lXki and ~t2 
= P-ji across which the degree of instability of the trivial orientations changes (in cases (c)-(f)). 

6. The degree of instability of the trivial relative equilibria (5.2) corresponding to cases (d)-(f) changes 
0 when 1.1.1 = ~k/- When that happens the coefficient C2 vanishes and the following solutions bifurcate 

from the aforementioned trivial solutions of system (5.1) (i > k) 

Ti =cos(P0; Tk =sin(P0; ~ = + 1 ;  

"/j = [3i = I~k = 0 (6.1) 

The degree of instability of the trivial relative equilibria corresponding to cases (c), (e) and (f) changes 
when ~t2 = l.tji. When that happens the coefficient C~1 vanishes and the following solutions bifurcate from 
the aforementioned trivial solutions of system (5.1) 

T i = c o s ~ 0 ;  Y j = - s i n ~ 0 ;  ~ i=s in~0 ;  [3 i=cos~0;  T k = ~ k = 0  (6.2) 

Note that for the solutions (6.1) ~t = 0, and for the solutions (6.2) ~, = a2sin V cos ~ (mj - mi) 
0. The relative equilibria (6.1) are analogous to the steady motions (2.1) for which 0 = 0, but 

the relative equilibria (6.2) are essentially distinct from the corresponding steady motions (2.2), for 
which 0 ~ 0. Moreover, since ~ ~ 0 for the solutions (6.2), a necessary condition for their existence 
is the application of forces that keep the mass centre of the body in the plane containing the attracting 
centre. 

The angles % and ~0 are found from the equations 

F/3 (-a)-  F/3 (a) 
~l  = tg~°0 F~(_a) F~a(a) (6.3) 

F/3 ( - a )  - F/3 (a) + 2a cos ~0 
I-t2 = tgv0  Fi~(a)_ F]~(_a)+2asin V0 (6.4) 

(compare (6.3) with the first equation of system (2.3)). The properties of the solutions of Eqs (6.3) and 
(6.4) are analogous to those of the solutions (2.1) and (2.2). 
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Solutions (6.1) and (6.2) exist only when ~q < ~tk/and ~t2 < P-ji, respectively (the ellipsoid of inertia 
of  the body is almost an ellipsoid of revolution); henceforth, therefore, we shall assume, without loss 
of  generality, that  

m k = m i ( l + h a 2 ) + o ( a 2 ) ,  mj = m i ( l + g a 2 ) + o ( a 2 )  (6.5) 

7. To investigate the stability of  the relative equilibria (6.1), we will calculate the second variation of  
W ° over the linear manifold 

813j = 0; 8yi =-tgtp0~i)'k; 8,/i =-cos~0~i[~ i -sinqh)SI] ~ 

We have 

282W ° = C~)l (Sy~)2 + CO2(8~i )2 + 2CoSB~)~k + C33 (81B~ " ). 

(~1 = a(mi[Fii3(-a) - F/3 (a ) ] /cos  ~0o - 3a[sin 2 tPomi[l~iS(a)+ Fi5 ( - a ) ] -  

-- cos 2 tP0m , [65 (a) + 65 (-a)]])  / 2 cos 2 tp0 

¢~2 = a2 (mi - mj ) + a cos 2 tPo~ij, C~ = a sin ~00 cos tp05~i 

(."3°~ = a2 ( mk - m i ) + a s i n  2 tPoS ij 

[ill l = mi[ Fi 3 ( - a )  - F/3 (a)] / 2 cos q~o - 3cmi 

Taking the first relation in (6.5) into account, we conclude that C°1 < 0 for all i > k, i.e. all the relative 
equilibria (6.1) are unstable in the secular sense. A detailed analysis of  the other  coefficients of the 
quadratic form 82W0 shows that the relative equilibrium is: 
(d) always unstable when i = 2 , j  = 3, k = 1 (then ~ = 1); 
(e) when i = 3, j = 1, k = 2, it is unstable (~ = 3) if g > g÷ and unstable in the secular sense 

(X = 2) if g < g÷; 
(f) when i = 3, j = 2, k = 1, it is unstable (X = 1) if g < g_ and unstable in the secular sense 

(~ = 2) i fg  > g_. 
We have used the notat ion 

] 4o 
Similarly, one can investigate the stability of  the relative equilibria (6.2) by analysing the second 

variation of  W' ow~r the linear manifold ~ .  = -~ilBi, 63'i = ~il3 i = - tg  ¥0~il3. 
It turns out  thai: all the relative equilibria (6.2) (i > j)  are unstable in the secular sense, and the 

equilibrium (6.2) is: 
(c) unstable in the: secular sense when i = 2 , j  = 1, k = 3 (then X = 2); 
(e) when i = 3 , j  ---- 1, k = 2, it is unstable (X = 1) i fh  > h_ and unstable in the secular sense (X = 2) 

if h < h_; 
(f) when i = 3 , j  =-- 2, k = 1, it is unstable (Z = 1) i fh  < h+ and unstable in the secular sense (~ = 2) 

i f h  > h+. 
We have used the notat ion 

h+ = h+ (~o)  = ~ [8 cos 4 ¥o - cos 2~1/0 + (4 sin 4 2~g o + cos 4 2¥0 )~ ] 
- - 4 ~  

The solid lines iin Fig. 8 define the domain in the ~1, I-L2 plane in which the solutions (6.1) and 
(6.2) exist. The solutions (6.1) exist in the strip ~tl e (1; ~tk/), ~t2 > 0, while the solutions (6.2) exist in 
the strip I.t2 ~(1; ILtji), ~q > 0. The first strip is divided by the small circles into three domains, 
corresponding to cases (6.1) (d)-(f) (marked dl-f l) ,  while the second strip is divided by crosses into 
the domains corresponding to cases (6.2) (c), (e) and (f) (marked c2, e2, f2). 
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These strips are shown separately in Fig. 9, with the degrees of instability of the respective relative 
equilibria (6.1) and (6.2) indicated. The dash--dot curves correspond to projections of the bifurcation 
curves across which the degree of instability of the equilibrium orientations (6.1) and (6.2) changes (in 
cases (e) and (f)). 

8. In cases (e) and (f) (i = 3, j, k = 1, 2) there is a change in the degree of instability of the relative 
equilibria (6.1) (when g = g_+) and (6.2) (when h = h_+). In these cases solutions of the general form 

Ti =costPoCOSVo; Y. /=s in tP0cos~0s in00-s in~0cos0o  
Tk = sin ~o cos ~0 cos 00 + sin ~0 sin 00 (8.1) 

~ i=cos tP0s inv0;  ~ j=s in tPos inq /0s in00+cos~0cos00  

J3 t. = sin ~o o sin ~o cos 0 0 -  sin 00 cos ~0 

bifurcate. 
These solutions exist only for i = 3 and only when the conditions ~1 < ~k3, g2 < gk3 hold simul- 

taneously; these o~nditions are equivalent to conditions (6.5) and mean that the ellipsoid of  inertia of 
the body is almost a sphere. These relative equilibria differ essentially from the corresponding steady 
motions (3.1), for which 0 ;e 0; they are always unstable in the secular sense (depending on the 
relationships between the masses ml ,  mE and m3, in accordance with (6.5), the degree of instability of 
the solutions (8.1) may equal 1, 2 or 3). 

The solid curves in Fig. 10 indicate the domains of existence of the solutions (8.1); the digits 1-3 
indicate their degrees of instability (depending on the positions of the bifurcation points). 

9. Hence, the investigation of our model problem has revealed the following phenomenon, due to 
the use of an exact expression for the potential of the gravitational forces 

1. the existence of secular stability of the steady motions and relative equilibria of the body 
corresponding to trivial orientations, in cases in which not only the major axis of the body's ellipsoid 
of inertia (i = 1 , j =  3, k = 2) but also the median (i = 2, j  = 3, k = 1) and minor (i = 3 , j  = 2, k = 1) 
axes point along the radius vector of its mass centre (see also [1, 4, 5]); 

2. the existence: of  non-trivial steady motions and relative equilibria for which at least two of the 
principal central axes of inertia are no axes of the orbital system of coordinates (see also [4]); 

3. the existence of steady motions of the body for which the plane of the orbit of the mass centre 
does not pass through the attracting centre. 

It should be noted that if the ellipsoid of inertia is almost a sphere (see (2.6)), the bifurcation values 
of the radius of the orbit of the mass centre in the trivial steady motions are defined as follows: 

~ f  

,uRi 

f 
0 

(~) 

1 /'eji ~ke /'ez 
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r21* =a\6uj (l+o(l)),  0 2 = a  (l+o(l))  

r~l = a  6 u + 6 o  ( 1 + o ( I ) ) ,  r~2 = a  ( i + o ( 1 ) )  (9.1) 

• r21=a,-~u ) (l+o(t)),  ~ l = a  ~---~-'~+8u (i+o(I)) 

Consequently, in this case one has a/r ~ 1 in the neighbourhood of the bifurcation points, and the 
phenomena listed above are maintained even if the dimensions of the body are much less than the 
distance between its mass centre and the attracting centre. This corroborates our investigation of the 
restricted formulation of the problem, in which the first two phenomena remain valid for the relative 
equilibria of a body whose inertia ellipsoid is nearly a sphere (see (6.5)). 

Note that when a/r ~ 1 one usually uses the satellite approximation of the gravitational potential; 
under those circumstances, as we know [1], none of the above phenomena occurs. In particular, when 
the satellite approximation is used only trivial steady orientations exist (usually 24 of them). 

When the exact expression for the gravitational potential is used and the unrestricted formulation 
of the problem is adopted, 72 steady orientations exist (at any rate, in our model problem): 24 trivial 
orientations (1.5), 24 "plane" (0 = 0) non-trivial orientations (2.1), and 24 "three-dimensional" (0 
0) non-trivial orientations (2.2). In addition, if the inertia ellipsoid is almost a sphere (see (2.6)), then 
at least 32 additional steady motions "of general form" (3.1) exist (for arbitrary masses ml, m 2 and m 3 
that are sufficiently close together in value). These 104 steady orientations correspond to the 104 steady 
orientations described in [3] for the special case ml = m2 = m3; in fact, they yield the latter if one lets 
u 2 + a~ 2 ---> 0. Finally, if 2m 2 > m] + m3, 32 more steady orientations "of general form" exist, which 
have no analogue in the special case ml = m2 = m3. 

Similar conclusions hold for the restricted formulation of the problem. The only difference is that 
then all the relative equilibria are characterized by the condition 0 =- 0; as already pointed out, for the 
relative equilibria (5.3) and (6.1) corresponding to the "two-dimensional" (0 = 0) steady motions (1.5) 
and (2.1), the reaction of the constraint 0 = 0 is zero, while for the relative equilibria (6.2) and (8.1), 
corresponding to the "three-dimensional" 0 ~ 0 steady motions (2.2) and (3.1), the reaction does not 
vanish (see the expressions for the undetermined multiplier 3.). 

In addition, when r >> a non-trivial steady motions and relative equilibria exist only for bodies whose 
ellipsoid of inertia is nearly an ellipsoid of revolution (in particular, a sphere). 

We also note that steady motions of the body for which the plane of the orbit of the mass centre 
passes through the attracting centre exist (for ml ~ m2 ~ m3) only when one of the principal central 
axes of inertia is orthogonal to the orbital plane. 

The research reported here was carried out with financial support from the Russian Foundation for 
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